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Abstract: In this paper, we develop Implicit and Crank-Nicolson finite difference scheme for time fractional radon diffusion
equation. We discuss the stability and convergence of both the scheme. As an application of this scheme, we obtain the numerical
solutions of the test problem and represented graphically by mathematical software Mathematica and finally, we compare the rate
of convergence of both the scheme.
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* INTRODUCTION
o

The subject of fractional calculus that is, calculus of integrals and derivatives of any arbitrary real or complex order has gained
considerable popularity and importance during the past four decades and longer, due mainly to its demonstrated applications in
numerous seemingly diverse and widespread fields of science and engineering, bio-science, applied mathematics, finance etc.
[1.2,6]. In the development of fractional calculus and applications anomalous diffusion equation has received great interest. A
physical approach to anomalous diffusion equation containing fractional order derivatives in time or space or time-space. As
analytical solution of fractional diffusion equation is very difficult to find thus researchers develop the finite difference schemes
to find numerical solution [3, 4, 7, 8, 9, 10, 11]. Radon is naturally occurring radioactive gas which is colorless, odorless and
comes from the decay of uranium in rocks, soil and groundwater. Radon is present outdoors and indoors. Due to hazards
properties of radon researchers have great interest to study the radon transport through soil, activated charcoal, concrete, ete. [5,
12, 13, 14, 15, 16]. In this paper we study the diffusion of radon in an activated charcoal medium. The diffusion theory came from
the famous German physiologist Adolf Fick (1829-1901). He stated that the flux density J is proportional to the gradient of
concentration. This gives,
ac
==ty

3 e ’ ac . : ; e %
where J is the radon flux density is diffusion coefficient , = s gradient of radon concentration and D is diffusivity coefficient of
radon. %

L
Now the change in concentration to change in time and position is stated by the Fick’s second law which is the extension of
Fick’s first law. that gives,

aC(x,t) 9*C(x,t)
\ b R G A
at dx? Act,6)
where 4 = 2.1x107%s™" is the decay constant. A theoretical study of radon measurements with activated charcoal was studied by
Nikezic and Urosevic [17]. In this study we develop the time fractional Implicit and Crank-Nicolson finite difference method for
fractional order radon diffusion equation. We consider the following time fractional radon diffusion equation [TFRDE],

3*C(xt) _ - 9%C(xb)

3 =D o -AC(x,0),0<x<L0<a<1t=>0 (1.1)
initial condition: C(x,0) =0,0<x <L (1.2) boundary conditions: C(0,t) =
coand “E2 = 0,620 (1.3)

Definition 1.1:- The Caputo time-fractional derivative of order a, (0 < a < 1) is defined by.

a°c(xt) 1 tac(x,t) dn
L0te _I‘(l—a)fo Frag e
St e
= an ; a=
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2. FINITE DIFFERENCE SCHEME:

2.1 Implicit Finite Difference Scheme for TFRDE:
In this section, we develop the time fractional implicit finite difference method for fractional order radon diffusion equation (1.1)-
(1.3).
We define,
ty=kt; k=012,.. ,Nandx; = ih; i = 0/152, vy
where

LI ndh=x
t—Nan ——M

Let C(x,-,tk);i =01,2..,Mand k =0,1,2,...,N be the exact solution of time fractional radon diffusion equation (TFRDE)
(1.1)-(1.3) at mesh point (x; tx). Let C be the numerical approximation of the point C(x;t). The time fractional derivative is

approximated by the following scheme,
k y
Ity z C(xitjen) = Clxity) (9D dn
o« ril-a T b ey —M*

+0(1)

j=

A k
1 Clx:it; —Ckxit; (k=j+1)7 g
s 2:(«.1*1) (xiy) _f+0(1)
( _a)j=0 (k=j)T

a

1-a

k
s 1 C(Xi,fin) = C(X['t}-) [(1 4 1)1 - jia B
_r(l—a); T | ].(1 +0()

k 3 O k=j+1 _ k=]
g +1 —j+ e
_r(z_a)[c,. 'Cf]+r(2—a)§ et - ¢ + 0D
j=1

where bj = (j + )7 = 7% j=012,..,N
2
Now forgx—i, we adopt a symmetric second order difference quotient in space at time level t = tyq
9%C L C(xi—l.tk+l) = ZC(x,-,tk,, 1) + C(xin,tk'n)

dx? h?

0°C _cit - Ch 4 it
N ; ax? h?
Therefore, substituting in equation (1.1), we get
- k k @ k k=41 Ealiks C—"_“—Cl-k“-r(.'»k”
r(z-zr)[C‘ it s T, plcst =) =D [———— e s ] — AC(x; ty)
where bj = (j + a)ioAes il p e 01,2, 0k

Therefore, the complete fractional approximated initial boundary value problem is,

—rel + (L +2r)c! —rch, = A —p)cd; fork=0 (2.1

k=1
—rcftl 4 (1 + 2r) ek — vl = (L —p = by)ef + Z(b, - b,-“)c,k"i + bic?;

Jj=1
fork=1 (2.2)

initial condition: ¢,i = 0,1,2,...,M (2.3)

boundary conditions: c§ = ¢, and ity = ik = 0,12, (2.4)

Dr(2 — a)t” ;
wherer = T A ju= AR -a)t b= (G + P* =% =012 5 ks

i=012..,M and k=012,.. N
The problem (2.1)-(2.4) is a complete discretization of the problem (1.1)-(1.3).

Therefore, the fractional approximated initial boundary value problem (2.1)-(2.4) can be written in the following matrix equation
form

AC'=(1—-WC°+E;fork=0 (2.5)
k=1
ACK*' = (1 —p—b)C* + Z(b,- — b1 )C T+ B CO+ F;
=
fork=z1 \ (2.6)
where
1+2r —-r
A:( -r s BC S5 A b ;
: : v =9r S 1He2r
GL=[clchoh .......,c,{,]T; CO=el et oo e T G = ek ok e e e !
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Dr(2 - 5
B el LR = ek 0 A B0 e % = AT - )t
B+ " =) =012k i =0,02, M and - -k =012,..,N

2.1 Crank-Nicolson Finite Difference Scheme for TFRDE:
In this method, we discretize the time fractional derivative by Caputo sense as in previous section and for 28 we adopt the

ax?’
second order central difference scheme in space for each interior grid point x;, 0 < i < M. Therefore,

3%C(x; t 1
TEt) _ 2 iszcs + 82cH)

Y i o A D 1 OB
nat n % 2 }
where §, is the central difference operator.
The fractional approximated initial boundary value problem is
—acl_;+ (A +2a)c —acl,;= ack, + (1 —=2a—B)c? + acd,; fork=0, (2.7)

For k = 1,we have,

—ack + (1 + 2 a)c — ackh!

o acl, + (1 -2a—p —b)cf + ack, + iy, - bjn)C:‘-i + byc} (2.8)
The initial condition, ¢ = 0,i = 0,1,2,...,M y (2.9)
The boundary conditions, cf = ¢, and “=0 = 0;k = 0,12, .. (2.10)
where @ = 2Z97" g = AT(2 —a)t%and by = G+ 1) = 1% = 123, .. k

The fractional approximated initial boundary value problem can be written in the following matrix equation form,

PC'=QCO+S - (2.11)
PCK*1 = CC¥ + TXT1(by — by 1)C* + b C° + S (2.12)
Where,
.
1 44200 L
P:( -a 1420 =0 " 5
: : 2y st la
1-20—f a
= a 1-2a- g 5
¢ : ; s < 2a 1-2a-8
o
1-2a—f—b, @
C= a 1 - 2a=p=b=a i 3y
: : 2a 1—2&—ﬂ—b|

C¥=[ehid et ekl

CO=[chel et cn

S=red 00 A 0 Sn01%

_ br@-ay™® = =
=TE . g = AT@ - a)®
andabp= (1) = 0 =12, Lk

3. STABILITY AND CONVERGENCE OF THE SCHEME:

3.1 Implicit Finite Difference Scheme for TFRDE: -

Lemma 3.1.1:- [17] If 3;(4);j = 1,2, ..., M — 1 represents eigenvalues of matrix A then we prove the following results,
D 4@ 21;j=12,...M-1
2) |[ATY].=1 :

Theorem(3.1.1):-The solution of the fractional approximated IBVP (2.1)-(2.4) is unconditionally stable.[17]
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Also, the convergence of the approximate finite difference scheme (2.1) -(2.4). Let C(x;, t;;) be the exact solution of the TFRDE
(1.1)-(1.3) and C} be the exact solution of the discrete equation (2.1)-(2.4) at the mesh point(x;, ty), where i = 0,1,...,M —
1k = 1,2, ..., N.We define, e = C(x;, t,) — CX,where i = 0,1,..,M — 1;k = 1,2,...,N and E¥ = (e}, ef, .., ely)
Now, we have, E® = 0,Ef = 0 and Ef = 0.
From (2.1), we get,

—rel, +(1+2r)e! —rel,; =A—pelifork=0 4.1
From (2.2), we get,

k=1
—reft + (1 +2r)ef "t —ref! = (1 —pu—bef + Z(b,- - b,-,,,)e:'" + byel;
=
fork=21 (42)
Dr(2 — &
where r = —(,—lgf)i sh= AR —ayefr b =i DTS =A% = 0132,k
i=012.,M and k=012 ..,N.

Theorem 3.1.2 [17] The fractional order implicit finite difference scheme (2.1)-(2.4) for TFRDE (1.1)-(1.3) is convergent and the
solution CK of the discretize scheme (2.1)-(2.4) and the solution C(x;, t;) of the equation (1.1)-(1.3) satisfy,
1€ G ti) = CKIl < kl|E]le + O (7%, R%);i =01,..,M—1;k=0,1,..,N

3.2 Crank-Nicolson Finite Difference Scheme for TFRDE:

Lemma 3.2.1:- [18] If 2;(P);j = 1,2,..., M — 1 represents eigenvalues of matrix P then we prove the following results,

N | 4P 21:5j=12,.,M=1 ¥

2) [IPYle=s1 .

3 [lQAlz<1

4) |]dl.<1
Theorem 3.2.1: [18] The solution of the finite difference scheme (2.7)-(2.10) for TFRDE (1.1)-(1.3) is unconditionally stable.
Theorem 3.2.2: [18] The finite difference scheme (2.7)-(2.10) for TFRDE (1.1)-(1.3) is unconditionally convergent, that is to
prove v

HE*I1; < IEll, ,as (h,7) = (0,0)
4. COMPARATIVE STUDY OF NUMERICAL SOLUTION OF BOTH THE SCHEME:

In this section, we obtain the approximated solution of TFRDE of both the Implicit and C-N finite difference schemes with initial
and boundary conditions and compare their solutions. To obtain the numerical solution, it is important to use some analytical
model. Thus, we present an example to demonstrate that TFRDE can be applied to simulate behavior of a fractional diffusion
equation with the following parameters by using Mathematica Software. . We consider the following, dimensionless time
fractional radon diffusion equation with suitabYe initial and boundary conditions.

0%C(x,t) 92C(x,t) .
e =D FTe) —2C(x,0),0<x<L;0<a<1;t>0
initial condition: C(x,0) =00<x <L
boundary conditions: C(0, t) = ¢, and 95% =0,t=20

with the radon diffusion coefficient D = 1.43 x 107° Bq/m?®. The numerical solutions obtained at t = 0.05 by considering the
parameters L = 1.7278cm ,

A=21%x10"%s"',7 = 0.05k = 4m?/kg,p = 0.5 g/cm?,C, = 200 Bq/m?,
C(0,t) =40x 103 a=0.9.

The comparison of solutions of RDE of Implicit and Crank Nicolson finite difference scheme respectively for @ = 0.9-is shown
in table and graphically as in figure.

) I
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Figure . The comparative approximate solution of radon diffusion equation for a = 0.9

'L;ength Implicit TFRDE C-N TFRDE Difference
0.0000 70,0000 0.0000 0.0000
0.17278 5.25203 x 10 2.62682 x 10° 2.62202 x 10
0.34556 8.14009 x 107 3.72682 x 107" 241327 < 10
0.51834 9.03201 x 102 3.66102 x 10 . 577805 % 1072
0.69112 9.03201 x 10°° 277251 x 109 6.2595 x 10
0.8639 7.51868 x 107 1.92285 < 10°® 5.79583 x 10°¢
0.03668 5.62548 x 10"“; « [9.14678 x 107 47108 x 107
0.20246 3.86659 x 10 42722 x 10 343937 x 10>

438224 247959 x 102 1.74427 x 1093 230016 x 10
1.55502 1.5007 x 10°7° 6.89145 x 107 1.43179 x 107
1.7278 1.72941 x 107 4.90633 x 10 1.68035 x 107

Table. Comparison of solutions of RDE of Implicit and Crank Nicolson finite difference scheme
respectively for a = 0.9

5. CONCLUSION

We discuss the fractional order Implicit and Crank-Nicolson finite difference scheme for TFRDE and also, the stability and
convergence of the scheme. As an application of this method we obtain the numerical solution of text problem and its solution is
simulated graphically by mathematical software Mathematica. Also we observe that, the Implicit and Crank Nicolson finite
difference scheme for Radon diffusion equation work equally. The difference between the solutions is not significantly differing,
but Radon diffusion is very hazardous for human life. Therefore, the small change in solution is also important. The Crank-

Nicolson finite difference scheme is more accurate and reliable than the implicit finite difference scheme because it has a higher
order accuracy.

v
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Abstract: The aim of this paper is to develop the explicit finite difference scheme for time fractional
anomalous diffusion equation. Furthermore we discuss the stability and convergence of the scheme.
Index Terms - Fractional calculus, Finite difference, Caputo formula, Stability, Convergence.

I. INTRODUCTION
Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary non-integer
order. In the recent scenario fractional calculus has many applications in physics, engineering, bio-science,
applied mathematics, finance etc. [1.2,5.6]. In the framework of fractional calculus and applications
nomalous diffusion equation has received great interest. A physical approach to anomalous diffusion
equation containing fractional order derivatives in time or space or time-space [3,4,7,8,9,10,11]. As
analytical solution of fractional diffusion equation is very difficult to find thus researchers develop the finite
difference schemes to find numerical solution [12,13,14,16,17.18].

In this study we develop the time fractional explicit finite difference scheme for time fractional anomalous
diffusion equation (TFADE). We consider the following [TFADE],

fi:’j—i*i):Dﬁ;[Lj"—’JrAu(x,t), 0<a<1(xt)e[0,L]X[0,T] (.10
initial condition: u(x,0) = f(x),0 < x < L (1.2)
boundary conditions: u(0,t) = 0 and u(L,t) =0,t 20 (1.3)

Definition 1.1:- The Caputo time-fractional derivative of ord®r a, (0 < a < 1) is defined by,

a t
0%u(xt) L J’ du(x,t) dn P Ll
at® .F(} =) Wekan (t=m)¢

i ou(x, t)
st Ny .
We organize the paper as follows: In section 2, we develop explicit finite difference scheme for time
““ fractional anomalous diffusion equation (TFADE). The section 3, is devoted for stability of the solution of

the scheme and the convergence of the approximated finite difference scheme is proved in section 4.

a=1

I1. FINITE DIFFERENCE SCHEME

In this section, we develop the explicit finite difference scheme for time fractional anomalous diffusion
equation (TFADE) (1.3)-(1.5).

We define,
ty=kt; k=012,..,Nandx; =ih; i=0,1.2,..,N
where
=2 dh= =
T= N an =

Let u(x;t);i =0,1,2,..,M and k = 0,1,2,.., N be the exact solution of (TFADE) (1.1)-(1.3) at mesh

point (x‘-,tk). Let u!’-‘ be the numerical approximation of the point u(xi,tk). The time fractional derivative is
approximated by the following scheme,

v

\ |
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k
a%ux,ty) 1 u(x;, t,n —ulxy) (Y dy
L 0
ote r1-a) 4 20 [ (tisr =M o
u(x; t,+1) =gt e df
r(1 ) Z f(k_,,, o
u(xgtier) —u(xt) [G + D=
F(l—a)z T 1-a ]T LA

o _r(z ) [+t — ] + _—r(z = “)Z by [ — ] + 0
l=

where b = (G + D' * - j17%j=012,...N
Now for approximating second order space derivative, we adopt a symmetric second order difference
quotient in space at time level t = ¢t

0%u u(x,-_l_tk) - 2u(x,-‘t,,) & u(x,-,,l'tk)
ax?z h?

2 K k4 gk
U wiy —up + Uiy
9x2 h%:
and
K k
5_“ e o i
ox 2h

Therefore substituting in equation (1.1), we get

-

; oS s i ik
k+1 _ o 2 R G f Uiy U YUy Uiy~ Uiy
r(2- a)[u ul]+r(2 a)zl 1b[u L] ]—D[ h? + Af 2h ]

whereb-(]+1)1“ R T

K Kk k—j+1 k-j Dr(2- a)r" Ar(2-a)t®
[ i Yy ] R r(2 -a) ZI 1 [ —Y I] T ha ul i+ ul+1] +_Tulk
= a a
put r = Dl‘(zhza)r and p = /1[‘(22':1)1
we have, 7
k—1+1 k=j1
[uk+1 ] ,-(2 —0) Z; -1 b; [u ~ily I] = r[u:(—l T 2u£¢+1 5 uﬁfl] + u[u:‘n = ulk—l] 2.1
After simplification, we get
wltt = (r— ul, + (1= 2r = buf + (r + wuf, + X521 (b - bjsa)uf ! + byu! (2.2)
Dr(2 — a)t“ AL(2 — a)t”
where r = (hz ) U= (Zh) iy =+ 1= =012 0k

=012, M “and =020 s N

The initial condition is approximated as u) = f(x;),i = 0,1,2,...,M.The boundary conditions is
approximated as uf = g, (), uf = g,(t;),k =0,1,2,...,N

Therefore, the complete fractional approximated initial boundary value problem is,

= (r—mul, + A 20w + (r + Wudyg; fork =0 @23)
Uk = (r— k) + (1= 2r — bul + (r + pul,, + 3521 — b )u ™ + buf s fork 2 1
2.4)
initial condition: ul = f(x;),i = 0,1,2,..., M (2.5)
boundary conditions: uf = g; (ty), uf = g,(t), k =0,1,2,...,N (2.6)
DI (2 — a)t“ A2 — a)t® v
where r = % e shi=G + DS —gistiy =101.2,... k.

2h
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=M and " k=012,.. N.

The problem (2.3)-(2.6) is a complete discretization of the problem (1.1)-(1.3).
Therefore, the fractional approximated initial boundary value problem (2.3)-(2.6) can be written in the
following matrix equation form

U' = AU®; fork =0 Q2.7
UKt = BU* + TiT1 (b — bju)U* + bUO fork 2 1 2.8)
where
B=2re vt
A= =i ST i pat iy SR :
: : ST e
1=2r=b; r+u ;
B= r_# 1—2r_b1 r+# “en e ;
: : w Tr—=4 1=2r—b;
s Uk =D[[}E’1;:’ilzcﬂ)1'3(‘;-~- Wi#?zr; k)=a0'1'2' il
i - )T
P = sl = 0D 1% =012,k

i=012,.,M and k=012,..N.

IIL. STABILITY
Lemma 3.1:- [14] The eigenvalues of the N X N tri-diagonal matrix

a b . .
¢ qbiene : \
&l
Eevd b
cC a
are given as
Ao=a+2VBe eohE e s =12, ., N
S . N+1l 222 1hay ey

where a, b and ¢ may be real or comflex.

\& Theorem(3.1):-The solution of the fractional order explicit finite diffefence scheme (2.3)-(2.6) for the time
fractional anomalous diffusion equation (1.1)-(1.3) is stable when

1+pu% 1 u?
rsi{——e (Ul e
{ 3 2t 1)+2(1_b1)
Proof :- We shall use the mathematical induction to analyze the stability. Fork = 0and 1< i <M -1
the eigenvalues of the matrix A are given by, ’

ST
As=1=-2r+2/(+w)(r—-pn cosﬁs 1

and

ST
As=1=-2r+2(r+ur—u cosﬁ
<1—-2r—-2(@%2-u?

=

when 1-2r+2(r+wr—uw =-1

2r+ 24/(r2 —u?) < 2

r+ -2 <1

Vo2 =) <1-r
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1+ p?
s
; J 2
1+

—1 < A < 1; when r<—&

1.1 < 1:wh r<1+_‘“2

|| < 1;when r <2

1+u?

Therefore Al £ 152n-1lAs| < 1;when r < T”

“ Al < 1

: U2 = [|AUC]12 < [|Al1211U°]]2 < U1,
~ UMz < [1U°]12
Thus the result is true forn = 1.
We assume that the result is true forn = k

2
ie. |[UK]l, < [|U°]],; when r < =
we prove that || U**1||, < |IU°||2
for [|B]|, . we have

ST
Ac=1=2r=by +2\(r+ )l —-p cosﬁs]—2r—b1+2\/(r2—u2)51—b1 "

also
ST
As=1=2r—=b, + 2 (r+ W —u) cos+r

21-2r=b, - 2Jy(r+uW)(r—p
21—-2r—b; =22 -p?) ==(1-b,)

when 1—=2r —b; —2/(r + w)(r—p) = —=(1 - b,)
—2r—by —2J(r?—p2) = -2+ by

V(=2 < 1=ib=n

1 Tt
T -b)A
. A |
b L Lot - .
|As] <1 —by;when r < 2(1 by) + R < l

i

1
~ ||Bll; €1 — by;when TSE(I—bl)'Fzm {

k-1
“ UK = (1BUX + Z(bj = b )UK + b U°|, < (1= by + by = by + b)||U°] |, < ||U°)]; i
=1

2
Hence, we prove that ||[U** L[|, < ||U°]] ; S ik
p [l . <|lU ||2.when resll b1)+2(1_b1)

Therefore, by mathematical induction

14421 u?
U¥||, < |U°)|.; wh Lmin e = (e o el
U¥|lz < [IU°1] s when r < minj—",=(1 bt sa =5y
\
This proves that, the scheme is stable when

r < min E 1(1 b .+ i
S 21 ! 2(1—by)

v
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IV. CONVERGENCE

In this section, we discuss the convergence of the fractional order finite difference scheme (1.1) -
(13).
Theorem 4.1 Let U* be the vector of exact solution and U¥ be the vector of approximate solution of the
time fractional anomalous diffusion equation (1.1)-(1.3), then U¥ converges to U¥ as (h, ) = (0,0)

when

+ pu?

2

el DS L S
< min - R TRy

BEOUEIS inte 9 ="[u;u5, ..., Uy 11T U8 = [0y, g ., Tagq] T then
L = e U e S L
Let us assume that, |e,"| = 1::::4_1|e{‘| SHES o for l=1,237.0
and |T¥| = 1:2);_1|Ti"| =0 S he) florl =123, .,
For k = 0, from equation (2.3), we have
lef] = 1Gr = wely + (1 —2r)el + (r + el | + r|T}
<|C—wely| + |1 —2r)el| + |(r + wely| + r|TH
< | =wel| + (1 = 2r)el| + | + wel| + rITH

C < (r—pu+1-2r+7+plefl +rTd

<lel| + DTT(2 — a)0(r*~% + h?)
HE lo < |IE°]|, + DTOT(2 — @)O(x™% + h?)
This proves that the result is true for n=1. Let us assume that the result is true for n=k that is
E¥||eo < |IE®I| + DTT(2 = )0 (x'~% + h?)
Now, we prove that the result is true for n=k-+1, that is for this we show
E** | < |IE®]|  + DT°T (@2 ~ )0 + h?) i
From equation (2.4), we have

r-1
lef*] = |(r —wefy + (1= 2r —bef + (r + ek, + Z(bj - bjﬂ)e:(—j + brel| + r|T¥|
=
” k=1
<10 = el +[(F=2r = b)el| + |+ wela| +| Y (b = byur)el ) + Ibye?
Jj=1
w +r|TH]
k=1
< |r—wef| + (1 —2r —by)ef| + | + wef| + Z(bj = bis1)e | + [bel| + |7
j=1
= |elk| +T|le| = |e{’| +T|lel
E¥* Y| < [IE®]| _ + DTOT(2 — @)O(x*~% + h?)
Th h d that, if < min {24 1 Lt
us, we have proved that, if we assume r < min {T'E(l — b)) + '2(1—_1;1)} , then

[|E¥|| = 0 as (h,7) — (0,0), which results in the convergence of U* to U*.

V.CONCLUSION

We develop the explicit finite difference scheme for time fractional anomalous diffusion equation (TFADE).
Furthermore we discuss its stability and convergence of the scheme.
\
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